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Self-optimized biological channels in facilitating the transmembrane movement of
charged molecules
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We consider an anisotropically two-dimensional diffusion of a charged molecule (particle) through
a large biological channel under an external voltage. The channel is modeled as a cylinder of three
structure parameters: radius, length, and surface density of negative charges located at the channel
interior-lining. These charges induce inside the channel a potential that plays a key role in controlling
the particle current through the channel. It was shown that to facilitate the transmembrane particle
movement the channel should be reasonably self-optimized so that its potential coincides with the
resonant one, resulting in a large particle current across the channel. Observed facilitation appears
to be an intrinsic property of biological channels, regardless the external voltage or the particle
concentration gradient. This facilitation is very selective in the sense that a channel of definite
structure parameters can facilitate the transmembrane movement of only particles of proper valence
at corresponding temperatures. Calculations also show that the modeled channel is non-Ohmic with
the ion conductance which exhibits a resonance at the same channel potential as that identified in
the current.
PACS numbers: 87.15.hj, 87.16.Dg, 87.16.Vy, 05.10.Gg
I. INTRODUCTION
Biological channels are responsible for regulating the
fluxes of ions and molecules (hereafter referred to as par-
ticles for short) across membranes and, therefore, are
critically important for the cell functioning [1]. As well-
known, these protein channels are very efficient in the
sense that they support a very fast, selective, and robust
across-membrane transport, regardless of environment
fluctuations [2]. Surprisingly, such privileged properties
have been observed even in the case of large water-filled
channels, where the particle transport does not involve
the use of metabolic energy or conformational changes
and was assumed to be simply diffusive [3]. Understand-
ing the nature of this channel-facilitated particle move-
ment (CFPM) is crucially important from the fundamen-
tal molecular biology as well as the application point of
view (Many modern drugs are developed in the way of
using the ion-channels to enhance their efficiency, see for
example Refs.[4–6]).
Experimentally, there are accumulative data showing
that the observed CFPM is really resulted from some in-
teraction between the moving particle and the channel-
interior lining [7, 8]. Recent advancements of high-
resolution current recording enable single-channel mea-
surements that provide directly a living picture of how
an individual channel functions and, therefore, shed light
on the characteristics of channel current in dependence
on different (channel and environment) parameters [7–9].
However, revealing exactly the nature of channel-particle
interaction as well as the mechanism of CFPM is still
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very experimentally problemic due to the puzzled com-
plexities related to both the channel structure and the
measurement systems.
Theoretically, to describe the CFPM several models
have been suggested. Considering the one-dimensional
(1D) diffusion model with a position-dependent diffusion
coefficient, Berezhkovskii et al. supposedly introduced a
square potential well, spanning the whole channel length,
that brings about a channel-particle interaction [10–13].
It was then shown that at a given solute concentration
difference there exists an optimum potential well depth
that can maximize the particle current, facilitating the
channel function. In this model (i) the channel is as-
sumed large enough so that all the effects related to the
particle size can be omitted, (ii) a single-particle diffu-
sion is considered, neglecting all many particle correla-
tions, and, particularly, (iii) no realistic potential was
assigned as the source for the square potential well in-
troduced. Bauer and Nadler considered a similar 1D dif-
fusion model with a square potential well that is how-
ever associated locally with only the particle bound tem-
porarily inside the channel [14]. Using the macroscopic
version of Fick’s equation, it was then demonstrated that
a transport increase always occurs for any square poten-
tial wells. However, as already noted by the authors, the
square potential well exploited in this model is also rather
crude and a more realistic potential should be found [14].
From the very other point of view, Kolomeisky models
the channel as a set of discrete binding sites arranged
stochastically [15]. In such the discrete-state model the
particles are assumed to hop along the binding sites in
translocations across the channel and the optimum cur-
rent may be achieved depending on the spatial distri-
bution of binding-sites and the site-particle interactions
[15, 16]. This model is so simple that the main dynamic
properties of the problem can be calculated exactly. It
2was also demonstrated that the discrete-state model [15]
and the continuum diffusion model [10] are closely related
and can be effectively mapped into each other [17]. Nev-
ertheless, like the square potential well in the continuum
models [10, 14], the nature of the binding sites (a kind of
channel-particle interaction) and the hopping mechanism
of particles in the discrete-state model [15] still need to
be identified.
Importantly, in all the models mentioned [10, 14, 15]
the channel-particle interaction (which was expressed
by a square potential well or a binding site) is gener-
ally viewed as the crucial condition for the transmem-
brane transport to be facilitated (see also [18]). Note
again that in these models the particle motion is merely
considered one-dimensional. Recently, Dettmer et al.
have measured the diffusivity of spherical particles in
closely-confining, finite length channels [19]. Measure-
ments demonstrated a strongly anisotropic diffusion in
the channel interior: while the diffusion coefficient par-
allel to the channel axis remained constant throughout
the entire channel interior, the perpendicular diffusion
coefficient showed an almost linear decrease from the
axis towards the channel wall. These observations put
forward a need for the two-dimensional (2D) descrip-
tion with direction-dependent diffusion coefficients when
studying the movement of particles inside a large chan-
nel. Furthermore, experimentally, the single channel ki-
netics was extensively studied at different external volt-
ages [20, 21]. And, the experimental sublinear current-
voltage (I-V) characteristics reported in Refs.[22, 23] is
often used as one of the basic requirements for theoretical
models [24].
In the present paper we consider a 2D diffusive move-
ment of particles through a large water-filled channel,
taking into account an anisotropy of diffusion coefficients
as observed in Ref.[19] and an influence of external volt-
age as discussed in Refs.[20, 24]. The channel is modeled
as a cylinder characterized by three structure parameters:
radius, length, and surface density of negative charges
of channel interior-lining. The potential created by this
charged interior-lining inside the channel is exactly cal-
culated. It causes the “channel-particle interaction” that
plays a key role in facilitating the transmembrane particle
movement. Solving the 2D stochastic Langevin equation
for the model suggested we systematically analyze the
typically dynamical characteristics of particles such as
the translocation probabilities, the translocation times,
the currents, and the channel ion conductance under the
influence of various factors: the channel-induced poten-
tial, the external voltage, or the difference in reservoir
particle concentrations. It was particularly shown that
to facilitate the transmembrane particle movement the
channel should be reasonably self-optimized with appro-
priate structure parameters so that its potential coin-
cides with the resonant one. In addition, this facilitation
is very selective in the sense that a channel of definite
structure parameters can facilitate the transmembrane
movement of only particles of proper valence at corre-
sponding temperatures. So, the model suggests that fa-
cilitating the transmembrane particle movement is an in-
trinsic property of biological channels. This property is
independent of the external factors such as the exter-
nal voltage or the bulk particle concentration gradient,
though these factors may strongly influence the magni-
tude of various particle dynamical characteristics.
The paper is organized as follows. Sec.II introduces
the 2D diffusion model for the problem under study, in-
cluding the motion equation with an exact expression
of the channel-induced potential, and describes the cal-
culating method. Sec.III presents the main numerical
results obtained. These results are discussed in great de-
tail, showing the influence of various factors on the par-
ticle dynamical characteristics. A particular attention is
given to the self-optimized property of the channels in
facilitating the transmembrane particle movement. The
paper concludes with a brief summary in the last Sec.IV
II. MODEL AND CALCULATING METHOD
We consider a cylindrical channel of length L and
radius R that connects the two reservoirs with parti-
cle concentrations nL and nR as schematically drawn
in Fig.1(a). The channel interior-lining carries negative
charges which are for simplicity assumed to be continu-
ously and regularly distributed with a surface density σ.
(The cation channels are believed to contain a net nega-
tive charge in the pore lining region of the protein [25].
In the case of potassium and gramicidin channels this
is due to the partially charged carbonyl oxygens [1, 25]).
These negative surface charges create an electrostatic po-
tential U which affects the movement of particles inside
the channel. Particles are assumed to diffuse indepen-
dently, neglecting any many-particle correlation. In ad-
dition, the diffusivity of a particle inside the channel is
assumed anisotropic with the two different diffusion coef-
ficients, Dz (parallel with) and Dx (perpendicular to the
channel axis). Following Ref.[19], we assume that (i) Dz
is constant throughout the channel cylinder [0 ≤ |x| < R
and 0 ≤ z ≤ L] and somewhat smaller than the diffusion
coefficient D0 in the bulk, Dz = αD0 with 0 < α < 1
[we choose in the present work α = 0.5 for definition]
and (ii) Dx linearly decreases as x going from the chan-
nel axis (where the diffusion is isotropic) to the channel
wall, Dx = [1− (|x|/R)]Dz.
The model also involves a longitudinal voltage V , i.e.
the difference in electrical potential between the two
channel ends, that may include the intrinsic membrane
potential [1] and/or some externally applied voltage [20].
This voltage drives the particles moving along the chan-
nel. For definition, we assumed that the voltage V is
directed from the left to the right [in Fig.1(a)] and the
charge q carried by a particle is positive.
Actually, due to the cylindrical symmetry of the chan-
nel model suggested, the motion of a particle inside a
channel can be effectively described by the 2D stochastic
3differential equation (Langevin equation for overdamped motion):
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FIG. 1: (color online) (a) Model of the cylindrical channel
under study; (b) Channel-induced potential U(x, z) of eq.(3)
is plotted for the channel with R = 0.2 nm, L = 5 nm, and
σ = −0.1 C/m2 [Note: U(x, z) is symmetrical with respect to
the sign of x]; (c) the U(0, z)-potential well (red-solid line, see
the left and bottom axes) and the U(x,L/2)-potential barrier
(blue-dashed line, see the right and top axes) for the potential
U(x, z) in (b). The potential U0 ≡ U(0, L/2) ≈ −90.6 mV in
this case.
where −R < x(t) < R and 0 ≤ z(t) ≤ L are the 2D-
coordinates of the particle at t-time, x˙ ≡ dx/dt, γxx (γzz)
is the drag coefficient in the x (z)-direction, U(x, z) is the
potential created by the charged channel lining, qV/L is
the voltage-induced force acting on a particle of charge q
in the z-direction, and ξx(t) (ξz(t)) is the random force
in the x (z)-direction which is as usual assumed to have
a zero mean and a white noise correlation:
〈ξν(t)〉 = 0 and 〈ξν(t)ξν(t′)〉 = 2Dνδ(t−t′), ν = x, z.
(2)
It is here worthy to mention the Stokes-Einstein relation
between the diffusion coefficient D, the drag coefficient
γ, and the absolute temperature T of a medium: Dγ =
kBT , where kB is the Boltzmann constant.
In eq.(1) we need to identify the potential U(x, z) in-
side the channel. Within the model considered, as men-
tioned above, U is the electrostatic potential created by
the charged lining of a cylindrical channel. By solving the
fundamental electrostatic problem for a charged cylinder
of finite sizes, we can exactly derive an analytical expres-
sion of U as a function the (x, z)-coordinates [0 ≤ x < R
and 0 < z < L]:
U(x, z) =
Rσ
πǫ0ǫ
{(1 + π
2
) ln[
z +
√
(x−R)2 + z2
z − L+
√
(x−R)2 + (z − L)2 ]
− ln[ z +
√
(x+R)2 + z2
z − L+
√
(x+R)2 + (z − L)2 ] }, (3)
where R, L, and σ are the channel structure parameters
defined above, ǫ0 is the vacuum permittivity, and ǫ is the
dielectric constant of the water in the interior of the chan-
nel [26]. Note that the potential U(x, z) is symmetrical
with respect to the sign of x.
As an example, Fig.1(b) shows the potential U(x, z) of
eq.(3) for the channel with R = 0.2 nm, L = 5 nm, and
σ = −0.1 C/m2. At a given x-coordinate, U(z) behaves
as a symmetrical potential well with the absolute mini-
mum at z = L/2. On the contrary, given a z-coordinate,
the U(x)-curve describes a symmetrical potential barrier
with the absolute maximum at x = 0 [see, for exam-
ple, U(0, z) as a function of z (bottom and left axes)
and U(x, L/2) as a function of x (top and right axes) in
Fig.1(c)]. While the well shape of the channel potential
U(x, z) in the z-direction directly affects the movement
of particles across the channel (as will be seen below),
its barrier shape in the x-direction demonstrates a no-
ticeable role of the transverse motion in the anisotropic
2D-diffusion model considered.
As a consequence of the observed symmetrical shape,
the potential U(x, z) can be characterized by its value at
4the center of the channel, (x = 0, z = L/2), where
U(0, L/2) =
Rσ
2ǫ0ǫ
ln[
√
4R2 + L2 + L√
4R2 + L2 − L ] ≡ U0. (4)
This potential value U0 is uniquely determined by the
channel structure parameters (L, R, and σ) and can be
used to characterize the potential U(x, z) on the whole:
each channel creates a unique U(x, z) and each U(x, z)
has a unique U0. As an intrinsic characteristics of the
channel, the quantity U0 will be used below as a typ-
ical measure of the channel potential U(x, z). Fig.1(c)
indicates the potential U0 ≈ −90.6 mV for the channel
potential U(x, z) examined in this figure.
Thus, as an extension of the model suggested by
Berezhkovskii et al.[10–13], the present model is distin-
guished by the main factors as follows: (i) the diffusion
is anisotropically two-dimensional (see eq.(1)), (ii) the
negatively charged channel interior-lining creates inside
the channel a potential that leads to the first term in
the right hand of eq.(1) and that can be exactly identi-
fied as a function of only channel structure parameters
(see eq.(3)), and (iii) the external voltage causes a driv-
ing force expressed by the second term in the right hand
of eq.(1). Further, the study will be focused on show-
ing how these factors affect the dynamical characteristics
of particles moving through the channel. The dynami-
cal characteristics we are here interested in include the
translocation probabilities, the translocation times, the
particle current, and the ion conductance. To calculate
these quantities we have to solve eq.(1). Reasonably, this
stochastic equation can be solved numerically by using
the molecular dynamics method [27].
A particle enters the channel from either the left (z =
0) or the right (z = L) at random with the probabilities
proportional to the reservoir particle concentration nL
or nR, respectively [Fig.1(a)]. The initial x-coordinate
(−R < x(t = 0) < R) and the initial velocity compo-
nents (z˙(0) and x˙(0)) are randomly given, following the
standard molecular dynamics simulation procedure [27].
Started from the given initial conditions, a discrete tra-
jectory of the particle is step by step constructed. Given
the channel potential U(x, z) and the external voltage V ,
in each time-step (∆t) the random forces, ξx(z), are inde-
pendently generated and then the final coordinates and
velocity of the particle are determined from eq.(1) using
the well-known Euler scheme [28, 29]. In the x-direction
the full reflection condition is applied every time when
a particle runs into the channel wall, x = ±R. In the
other direction, once the z-coordinate is out of the range
[0, L], the data for the simulated particle is fixed and
this particle is no longer followed. The next particle en-
ters the channel and undergoes a diffusion process in the
same way as described above. The number of particles
involved in getting each of average values of studied dy-
namical quantities is so large that for all the data points
presented below the error bar nowhere exceeds the sym-
bol size [≈ 105 to 107 particles depending on the quantity
and the direction of movement investigated]. The time
step is taken to be ∆t = 0.0005τ0, which is believed small
enough. The dynamical quantities we are interested in, as
mentioned above, include the translocation probabilities,
the average translocation times, the net particle current,
and the ion conductance.
Actually, the calculating method we exploit in this
study is the Brownian dynamics. By solving the
Langevin equation, this method is rather appropriate
for the problem of interest. A systematical classification
of computational approaches proposed and employed for
studies of ion channels can be found in the review paper
[30]. Here, in solving numerically eq.(1), for convenience
we choose L as the unit of length, τ0 = L
2/D0 as the
unit of time, and kBT as the unit of energy. So, for ex-
ample, if L = 5 nm and D0 = 3.10
−10m2/s [17], then
τ0 ≈ 8.3 10−8s. Remind that kBT ≈ 8.617 10−5 eV for
T = 1◦K.
III. NUMERICAL RESULTS AND
DISCUSSIONS
In presenting simulation results we introduce for short
the symbols u0 ≡ qU0/kBT (referred to as the effective
channel potential) and v ≡ qV/kBT (referred to as the
effective external voltage). So, the defined parameters u0
and v also contain the particle charge q and the medium
temperature T . We should keep this in mind when dis-
cussing the role of the channel potential in facilitating
the transmembrane particle movement. Additionally, for
definition, in all the figures relating to the translocation
probabilities and the average translocation times the pa-
rameters R and nL(R) are kept constant: R = 0.04 (in
unit of L) and nL(R) = 145(15) mM [1]. Influences of
these parameters will be later discussed when analyzing
the net current [Fig.6].
Let us first examine obtained results for the transloca-
tion probabilities which are separately calculated for the
particles moving through the channel from the left to the
right (PL) and for those moving in the opposite direction
(PR) [see Fig.1 with the V -direction indicated]. In simu-
lations, the probability PL (or PR) is determined as the
ratio of the number of particles that passed through the
channel to the total number of particles that entered the
channel from the left (or right).
Fig.2 shows PL (blue dash-dotted lines) and PR (red
dashed lines) plotted versus u0 for the channels at differ-
ent effective voltages v: 0(×), 2(◦ and ⋄), and 4(• and
∗). Generally, this figure demonstrates that with increas-
ing u0 both the translocation probabilities, PL and PR,
increase steadily first [see main figure] and then become
saturated [see the inset]. Such the PL(R)-versus-u0 be-
havior is observed at any voltage v. In the case of zero v,
due to the left-right symmetry of the potential U(x, z) of
eq.(3) the two curves, PL and PR, are totally coincidental
and the common curve may be in a qualitative compari-
son with Fig.3 in Ref.[10](where the considered diffusion
is one-dimensional and the potential well is square). Note
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FIG. 2: (color online) Translocation probabilities PL (blue
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1(× and +), 2(◦ and ⋄), and 4(• and ∗). Other parameters
and symbols are the same as in Fig.2.
that with the chosen direction of V [Fig.1, q is positive]
the external voltage raises PL (two higher curves) while
suppressing PR (two lower curves), compared to the case
of v = 0 (the middle curve).
The external voltage effects can more clearly be seen
in Fig.3 where the probabilities PL(R) are presented as
the functions of v for the channels with different u0:
1(× and +); 2(◦ and ⋄); and 4(• and ∗). At zero v
the two probabilities PL(R) associated to the same u0
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are of equal value [two corresponding curves are started
from the same point]. With increasing v the probabil-
ity PL smoothly rises, while the probability PR strongly
descends. At v ≥ 5 the probabilities PR become practi-
cally vanished for all the channels under study [no par-
ticle can move through the channel in the right-to-left
direction]. The probability PL, on the contrary, contin-
ues to grow with the tempo that gradually slows down
at higher v. Calculations reveal that even at v = 100 the
channels are still not perfectly transparent for the posi-
tively charged particles moving along the external voltage
direction [PL = 0.98 or 0.95 for u0 = 4 or 1, respectively].
Next, we consider another fundamental characteristics
- the average translocation time. In accordance with the
probabilities PL(R) studied in Figs.2-3, we separately cal-
culated the average translocation times for the particles
moving through the channel from the left to the right
(τL) and for those moving in the opposite direction (τR).
In simulations, we count the time each of simulated par-
ticles spends inside the channel. The average transloca-
tion time τL (or τR) is then obtained by averaging these
spending times over all the particles that passed through
the channel from the left to the right (or from the right
to the left).
Fig.4 shows how obtained translocation times τL(R)
vary with the effective potential u0 [Fig.4(a)] or the ef-
fective voltage v [Fig.4(b)]. Interestingly, in all the cases
studied in both the figures, Fig.4(a) and Fig.4(b), the two
points, corresponding to τL and τR, are practically coin-
cided. So, our 2D-simulations suggest a general equality,
τL(u0, v) = τR(u0, v), that should be always valid in the
model studied regardless of the shape of the channel po-
tential U(x, z) as well as the presence of the external
voltage V . This really causes some surprise, noting on
the directed influence of the voltage V . Actually, a sim-
ilar equality of the two average translocation times has
been previously suggested in Ref.[11], but it was there
relating to the 1D diffusion model without any external
voltage. Fig.4 thus allows us to deal with the two times
τL and τR as a single average translocation time that will
be below denoted simply by τ .
The fact that the channel potential u0 raises the
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translocation time τ in Fig.4(a), while it also raises the
translocation probabilities in Fig.2, might cause some
surprise. Actually, as will be seen below, it turns out that
a competition between these two seemingly contrary ef-
fects of the potential u0 leads to the most important phe-
nomenon in the ion-channel physics - the CFPM. Com-
paring the points from three curves with different volt-
ages v, we learn that in the region of large u0 [u0 ≥ 6
in Fig.4(a)] the time τ decreases almost linearly as v in-
creases from 0 to 4. In a wider range of v, Fig.4(b) shows
that the larger the effective potential u0, the stronger the
relative effect of v on τ becomes. In the limit of high ex-
ternal voltage when the v-induced driving force becomes
to dominate the right hand in eq.(1), the translocation
time should depend on v as τ ∝ 1/√v.
While the question of the particular time that most rel-
evantly describes the transmembrane transport and that
can be directly measured is still under discussion [14],
the net current has always served as the most important
quantity that should be determined theoretically in close
comparison with experimental measurements. For the
problem under study, the net particle current is deter-
mined as the average number of particles the two reser-
voirs actually exchanged via the channel in a unit of time
(τ0).
Fig.5 presents a 3D-plot of the current I in dependence
on the effective channel potential u0 and the effective ex-
ternal voltage v. Remarkably, contrary to the monotonic
behaviors of PL(R) and τ in Figs.2-4, Fig.5 shows clearly
a resonant behavior of the current I: for a given voltage
v in the I versus u0 curve there always has an impres-
sively absolute maximum at some resonant channel po-
tential, u0 = um. Remind that u0 ≡ qU0/kBT with U0
uniquely determined by the channel structure parameters
(L, R, and σ). So, the maximum observed in Fig.5 im-
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FIG. 6: (color online) Resonant channel potential u0 = um
is an intrinsic characteristics of the channel. (a) I versus u0
curves extracted from Fig.5 for some values of v [from bot-
tom: v = 0, 1, 2, 3, 4, and 5]; All these curves show their
maximum at the same resonant potential, u0 = um (indi-
cated by the arrow). (b) I as a function of u0 at v = 2
for various values of the ratio nL/nR [from top: nL/nR =
145/5, 145/10, 145/15, and 5/140]; The resonant potential
u0 = um (indicated by the arrow) is independent of reservoirs
particle concentration ratio and coincides with um determined
in Fig.6(a). Note: in the case of nL/nR = 5/140 the current
is negative (flowing from right to left in Fig.1(a)) and reaches
the largest magnitude at the same u0 = um.
plies that for given q and T , to successfully facilitate the
transmembrane particle movement the channel has to be
optimized with the appropriate structure parameters so
that its potential U(x, z) coincides with the resonant one.
For example, for q = 1 and T = 300K, to own the reso-
nant potential of um = 3.5 as seen in Fig.5, the channel
should be self-optimized with the following structure pa-
rameters: L = 5 nm, R = 0.2 nm, and σ = −0.1 C/m2
(given ǫ = 80 [26]).
To see whether the resonant potential um depends on
the external voltage v, we depict in Fig.6(a) some I(u0)-
curves extracted from Fig.5 at various v. Surprisingly,
the resonant channel potential um (indicated by the ar-
row) is practically the same for all the curves at different
voltages v. Actually, the fact that um is independent
of v can be seen right in Fig.5 for all the values of v
7under study. Further, we check if the resonant poten-
tial um depends on another important external parame-
ter, the difference in particle concentration between the
two reservoirs. Fig.6(b) presents the I(u0)-dependence
for several values of the ratio nL/nR. In the cases of
nL/nR = 145/5, 145/10, and 145/15 (taken from Table
12.1 in Ref.[1]), all the particle concentration gradients
are directed along the external voltage V , i.e. from the
left to the right in Fig.1(a), and, therefore, the currents
are always positive [see the higher three curves]. On the
contrary, in the case of the lowest curve in Fig.6(b) for
nL/nR = 5/140 (e.g. for K
+-channels [1]), the particle
concentration gradient is directed from the right to the
left in Fig.1(a) and, consequently, the current becomes
negative (Note that in this case the concentration gradi-
ent is strong while the external voltage is relatively small,
v = 2). Importantly, all the curves for various nL/nR in
Fig.6(b) show the maximums in magnitude at the same
value of u0 that exactly coincides with the resonant po-
tential um determined in Fig.6(a). Thus, we arrive at
an important remark: at a given q and T , the resonant
potential is entirely determined by the channel structure
parameters. It is an intrinsic property of the channels
and can not be affected by the external factors such as
the external voltage or the particle concentration gradi-
ent.
Thus, in the present model, CFPM appears to be a
self-optimized property of biological channels: to facili-
tate the transmembrane particle movement, the channels
should be intrinsically optimized with appropriate struc-
ture parameters. Additionally, facilitating the trans-
membrane transport is very selective in the sense that
a channel of definite structure parameters can facilitate
the transmembrane transport of only particles of proper
valence at corresponding temperatures.
Furthermore, we demonstrate in Fig.7(a) the current-
versus-voltage curves, I(v) (I-V) - characteristics, ex-
tracted from Fig.5 for several channels of different u0.
The highest curve describes the I-V characteristics of
the resonantly self-optimized channel with u0 = um. It
is clear that all the I(v)-curves presented in this fig-
ure are nonlinear, indicating the non-Ohmic property
of the channel model studied. In this case, the channel
ion conductance, defined as the ratio of I to v [31], be-
comes dependent on the applied voltage. The I(v)-curves
in Fig.7(a) reveal that as v increases the conductances
g = I/v decrease fast first at small v, reach a minimum
at v ≈ 2.5−3, and then slightly increase at higher v (see,
for example, the inset in Fig.7(b) for the case u0 = um).
The voltage, where the conductance gets minimal, de-
pends on the potential u0 and the reservoir particle con-
centrations. To look for a possible relation between the
channel ion conductance and the resonant channel poten-
tial um associated with the current [Fig.6], we present in
Fig.7(b) the conductances g calculated for channels of
different potentials u0 at the same voltage v. Remark-
ably, at any v the conductance g always has the maxi-
mum at the same u0 = um as that identified in Fig.6 for
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FIG. 7: (color online) (a) The current I is plotted versus
the voltage v [I-V characteristics] for channels with different
potentials u0 (indicated in the figure). All I-V curves show
a sublinear behavior. (b) The channel ion conductance g as
a function of the channel potential u0 at various voltages v
(given in the figure). At any v the conductance always has
the maximum at the same u0 = um ≈ 3.5. Inset: g versus v
for the channel with resonant potential u0 = um.
the current. So, Fig.7(b) gives one more demonstration
for the resonantly self-organized property of channels in
facilitating the transmembrane particle movement. The
v-dependence of g in this figure is related to the sublinear
behavior of the I-V curves in Fig.7(a) as just discussed
above (see the Inset in Fig.7(b)). Note that such the sub-
linearity of calculated I−V curves qualitatively resembles
experimental data reported Refs.[22, 23].
Finally, Fig.8 compares the I(u0)-curves obtained for
different Dx in showing the role of the transverse dif-
fusion in the 2D-diffusion model under study. Four
cases presented are: (1) Dx = 0, implying the 1D-
diffusion, (2) Dx = 0.5Dz, implying an anisotropically
2D-diffusion with Dx constant and smaller than Dz, (3)
Dx = Dz, implying an isotropically 2D-diffusion, and (4)
Dx = [1− (|x|/R)]Dz used in this work (see correspond-
ing symbols given in the figure). Obviously, the curve
in the case of 1D-diffusion is largely separated from the
rest, showing an essential role of the transverse diffusion.
In this limiting case there has also the maximum in the
I(u0)-curve, however, the current peak is lower and the
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FIG. 8: (color online) The I(u0)-curves for different Dx
(indicated in the figure) are compared to show the role of
the transverse diffusion in the 2D-diffusion model considered
[v = 5, Dz = 0.5D0, other parameters are the same as in
Fig.2].
resonant potential is much larger (≈ 8), compared to
those for 2D-diffusion models. Interestingly, all the three
2D-diffusion I(u0)-curves withDx different on the behav-
ior or the value show very similar forms with the same
resonant potential um = 3.5. In addition, the isotropic
2D-diffusion model, Dx = Dz, provides the highest cur-
rent peak.
IV. CONCLUSIONS
We have considered an anisotropic 2D-diffusion of
a charged molecule (particle) through a large biologi-
cal channel under an external voltage. Connecting the
two reservoirs with different particle concentrations, the
channel is modeled as a rigid cylinder characterized by
the three structure parameters: the radius, the length,
and the surface density of the negative charges of channel
interior-lining. These negative charges induce inside the
channel a potential that is uniquely determined by the
channel structure parameters and that critically affects
the transmembrane particle movement. The suggested
model is rather phenomenological so that the channel-
induced potential can be calculated exactly. Neverthe-
less, it serves well to gain an understanding of the phys-
ical mechanism of the channel-facilitated particle move-
ment. More detailed quantitative models are required
to describe concrete realistic biological channels (see for
example, [32]).
Our study is concentrated on showing the influences of
this channel-induced potential and the external voltage
on the typical dynamical characteristics of particles such
as the translocation probabilities, the average translo-
cation times, the net current, and the channel ion con-
ductance. It was shown that while the external voltage
does not cause any especial effect, the channel poten-
tial increases both the translocation probabilities and the
average translocation times. And, surprisingly, studies
demonstrated a single average translocation time that is
equally applied for the particles passing the channel in
two contrary directions, regardless of even the directed
influence of the external voltage.
The most interesting result was appeared in examining
the particle current. It was shown that at a given tem-
perature the channel with appropriate structure param-
eters can induce the resonant potential that effectively
facilitates the transmembrane movement of the particles
of a given valence, resulting in a very large net parti-
cle current across the channel. In other words, to facil-
itate the transmembrane particle movement the channel
should be naturally self-optimized so that its potential
coincides with the resonant one. The resonant potential
is an intrinsic characteristics of the channel and facilitat-
ing the transmembrane particle movement is an intrin-
sic property of biological channels, independent of the
external factors such as the external voltage or the par-
ticle concentration gradient. In addition, the observed
CFPM is very selective in the sense that a channel of def-
inite structure parameters can facilitate the transmem-
brane movement of only particles of proper valence at
corresponding temperatures. Calculated current-voltage
characteristics also show that the channel model is non-
Ohmic. The full characteristics of conductance exhibit
an absolute maximum at the same resonant channel po-
tential as that identified in the currents.
It should be conclusively noted that all the results
presented above are principally related to the considered
single particle model, neglecting all the effects associated
with the many-particle couplings, the particle size, and
the potential induced by particle itself. So, these results
might be served as an argument for further studies.
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